
Uncertain Model Parameters for SCIAMACHY Limb Retrieval

Adrian Doicu(1), Siegfried Hilgers(1), Albrecht von Bargen(1) and Bernd Aberle(1)

German Aerospace Center, Oberpfaffenhofen, 82234 Wessling, Germany, Email: adrian@doicu.dlr.de

1. INTRODUCTION
Atmospheric profiles are retrieved by the inverse solution of the radiative transfer equation. The solution is afected by

uncertain model parameters, which add an error term to the solution. The uncertain parameters can be estimated simulta-
neously with the atmospheric profiles to be retrieved [1], orequivalently a generalized covariance matrix approach canbe
applied [2]. In both situations, the determination of the weighting factor giving the contribution of each regularization matrix
into the global regularization matrix plays an important role. In this paper we present an a priori parameter choice method
for computing the optimal value of the regularization parameter and the weighting factor for the SCIAMACHY limb retrieval
processor.

2. THEORY
Let us assume that the forward modelF (x,b) describing the complete physics of the measurement (including for example

the radiative transfer theory required to relate the state to the measured signal) depends on the state vectorx and a set of
auxiliary parametersb. The vector of auxiliary parametersb comprises those quantities which influence the measurementbut
are not intended to be retrieved with an acceptable accuracy. The auxiliary parameters can be classified as deterministic or
random according to whether they are constant between consecutive measurements or vary randomly. In order to simplify our
analysis we will consider a linearization of the forward model F around the a priori(xa,ba),

F (x,b) ≈ F (xa,ba) + Kx (x− xa) + Kb (b− ba) .

Denoting byFδ the measurement vector and making the change of variablesFδ − F (xa,ba) → yδ , x − xa → x and
b − ba → b we are led to the general linear data model

yδ = Kxx + Kbb + δ, (1)

whereδ is the experimental error term. The random vectorδ = [δ1, ..., δm]T is assumed to have zero mean and the covariance
matrix Cδ, i.e.,E {δ} = 0 andCδ = E

{
δδT

}
. Explicitly we haveE {δi} = 0 and[Cδ]ij = E{δiδj} for i, j = 1, ..., m.

The random vectorδ is called a discrete white noise vector ifCδ = σ2Im, with σ2 being the noise variance. Note that
each data model with an arbitrary noise covariance matrix can be transformed into a data model with white noise by using
the prewhitening technique. For a symmetric and positive definite covariance matrix with the singular value decomposition
Cδ = UδΣδU

T
δ , whereΣδ =

[
diag (ηk)m×m

]
, we defineσ2 = (1/m)

∑m
k=1 η2

k andĈδ =
(
1/σ2

)
Cδ. Multiplying equation

(1) by Ĉ
−1/2
δ , whereĈ−1/2

δ = UδΣ̂
−1/2
δ UT

δ andΣ̂δ =
(
1/σ2

)
Σδ, and considering the change of variablesĈ

−1/2
δ yδ → yδ,

Ĉ
−1/2
δ Kx → Kx, Ĉ

−1/2
δ Kb → Kb, Ĉ

−1/2
δ δm → δm, andĈ

−1/2
δ δ → δ, we obtain the data model (1) withE {δ} = 0 and

Cδ = E
{
δδT

}
= σ2Im.

In the framework of the Bayesian estimation, the computation of the maximum a posteriori estimator (MAP) depends on
the construction of the a priori terms forb andx. Let Cx andCb denote the a priori covariance matrices of the state vector
and auxiliary parameters, respectively. Then, assuming the representationsCx = σ2

xĈx andCb = σ2
bĈb, and the Choleski

factorizationŝC−1
x = LT

x Lx andĈ−1
b = LT

b Lb, the negative of the a posteriori log likelihood function read as

−2σ2L (x) =

∥∥∥∥y
δ − [Kx,Kb]

[
x

b

]∥∥∥∥
2

+ σ2

∥∥∥∥

[ 1
σx

Lx 0

0 1
σb

Lb

] [
x

b

]∥∥∥∥
2

. (2)

Since bothσb andσx are unknown, we consider the multi-parameter problem

Fαω (x) =

∥∥∥∥yδ − [Kx,Kb]

[
x

b

]∥∥∥∥
2

+ α

∥∥∥∥Lω

[
x

b

]∥∥∥∥
2

,



with

Lω =

[ √
1 − ωLx 0

0
√

ωLb

]
,

and
1

σ2
x

=
α (1 − ω)

σ2
,

1

σ2
b

=
αω

σ2
.

The optimal values of the regularization parametersαopt andωopt can be obtained by using an a priori parameter choice
method. The a priori parameter choice method is a two-dimensional optimization problem and consists in the minimization
of the expected value of the error

∥∥xδ
αω − x†

∥∥2
with respect toα andω for a set of true solutionsx†, i.e.,

(
αopt, ωopt

)
=

argminα,ω E
{∥∥xδ

αω − x†
∥∥2

}
. Solving the minimization problem for different noise variances yields the a priori selection

criterionαopt = αopt

(
σ2

)
andωopt = ωopt

(
σ2

)
.

After the optimal valuesαopt andωopt have been determined, the dimension of the minimization problem (2) can be
reduced as follows. Assuming thatb is stochastic with zero mean and covariance matrixCb = σ2

bĈb =
(
σ2/αoptωopt

)
Ĉb,

we define the total error asδt = Kbb + δ, and we haveE {δt} = 0 andCδt = E
{
δtδ

T
t

}
= KbCbK

T
b + Cδ. Using the

prewhitening technique withCδt for the equationyδ = Kxx + δt, we transform the problem in the standard formyδ =
Kxx + δt, where nowE {δt} = 0 andCδt = σ2

tIm. The MAP estimator is then the minimizer of the one-dimensional
functional

−2σ2
tL (x) =

∥∥yδ − Kxx
∥∥2

+
σ2
t

σ2
x

‖Lxx‖2
,

with 1/σ2
x = αopt

(
1 − ωopt

)
/σ2.

3. NUMERICAL SIMULATION
In our numerical simulations we consider the retrieval of O3 profile from SCIAMACHY limb scatter measurements. The

forward model for SCIAMACHY limb radiance simulation is a single–scattering model, while the multiple scattering effect
is taken into account by using look-up table corrections. Asuncertain parameter we consider the tangent height variation.
The regularization matrix for ozone is the Choleski factor of an Markov a priori constraint, while the regularization matrix
for the tangent height variation is a diagonal matrix. The atmospheric profile is retrieved from simulated data in the spectral
domain 520-590 nm. The a priori and initial gas profile were assumed to be identical and were choosen from the U.S. standard
atmosphere. The true profile was obtained by scaling and shifting the a priori profile. The scale and shifting factors were1.2
and 2 km, respectively. An altitude retrieval grid with 24 grid points between 13 and 100 km is considered. The number of
limb scans is 15 and the corresponding tangent altitudes vary between 13 and 60 km. The entire sequence of limb scans has
been shifted with 1 km. The noisy data vector (or the contaminated spectrum) is generated by adding a white noise to the
exact data vector. The variance of the white noise was chosensuch that measurement error vectorδ does not dominate the
termKbb. For the considered tangent height variation, four noise variances were assumed: 0.005, 0.001, 0.002 and 0.003.

The minimizer ofE
{∥∥xδ

αω − x†
∥∥2

}
has been computed with the BFGS routine with line search. Forαopt we found an

optimal domain of variation of
[
0.95σ2, σ2

]
, while the optimal domain of variation forωopt is

[
10−5, 10−3

]
. Forαopt = σ2,

we plot in Figure 1 the relative errors
∥∥xδ

αω − x†
∥∥2

as functions ofω. The plots show that the optimal value of the weighting
factorωopt does not depend significantly on the noise varianceσ2.

In Figures 2 and 3 we plot the retrieved O3 profiles for synthetic and real data. The results correspondto the a priori
choiceαopt = σ2 andωopt = 10−3. It is apparent that the retrieval which neglects the uncertainties due to the tangent height
variations leads to relative errors of about 30%.

4. CONCLUSIONS
In this paper we present an a priori selection criterion for computing the optimal values of the regularization parameter

and the weighting factor when the solution of the radiative transfer equation is affected by uncertain model parameters. The
technique is based on the minimization of the expected valueof the error for a set of true profiles. The model parameter
uncertainties are then transformed into the measurement domain and included in the measurement covariance matrix. The
method is applied for the uncertainties due to the tangent height variation in the case of the SCIAMACHY limb retrieval
processor and yields a substantial improvement of the solution.
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Figure 1: Relative error as function of the weighting factorω.
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Figure 2: Retrieved ozone profiles for synthetic data.
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Figure 3: Retrieved ozone profiles for real data.
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